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MEDIAL AND SEMIMEDIAL LEFT QUASIGROUPS
MARCO BONATTO
Abstract
In this paper we investigate the class of semimedial left quasigroups, a class that properly contains
racks and medial left quasigroups. We extend most of the results about commutator theory for racks
collected in [BS19] and some of the results concerning Malt’sev conditions for quandles collected in
[Bon19] to the class of semimedial left quasigroups.
Introduction
Left quasigroups are rather combinatorial objects, but often binary algebraic structures of interests
have an underlying left quasigroup structure: examples are racks and quandles, motivated by knot theory
[AG03, Joy82], or other structures, arising in the study of the solution of the set-theoretic Yang-Baxter
equation [Rum05, BKSV19].
One goal of this paper is to provide some general tools for the study of the underlying left quasigroups of
such structures, taking inspiration on the recent developments in racks and quandles theory, in particular
towards the interplay between congruences and the displacement group on one hand, and the commutator
theory in the sense of Freese-McKenzie [BS19] on the other.
A natural setting for the commutator theory is the class of left translation (LT) left quasigroups,
already introduced in [BS19]: indeed, for such left quasigroups the notion of abelianness and centrality
of congruence (in the sense of [FM87]) is completely captured by of group theoretical properties of the
relative displacement groups.
Semimedial left quasigroups, axiomatized by the identity
(SM1) (x ∗ x) ∗ (y ∗ z) ≈ (x ∗ y) ∗ (x ∗ z),
have the LT property. The semimedial identity has been also studied in the framework of quasigroups
as in [Shc17] and [KP04]. This class properly contains both racks, i.e. the left quasigroups satisfying the
identity
(LD) x ∗ (y ∗ z) ≈ (x ∗ y) ∗ (x ∗ z),
and medial left quasigroups, obeying the law
(M) (x ∗ y) ∗ (z ∗ u) ≈ (x ∗ z) ∗ (y ∗ u).
Racks and quandles (i.e. idempotent racks) are the inspiring and leading example for the present paper.
For racks the interplay between commutator theory and the properties of the displacement group is quite
strong. Indeed, also the notion of solvability and nilpotence is reflected by the correspondent properties
of the displacement group [BS19].
The variety of semimedial left quasigroups turned out to be a natural framework to extend the theory
already developed for racks. Indeed, most of the results of [BS19] can be extended to semimedial left
quasigroups and most of the argument and ideas still go through with very little adjustments.
The paper is organized as follows: in Section 1 we recall all the basic definitions in the framework of
left quasigroups. In Theorem 1.10 we also show that there is a non-trivial interplay between congruences
and displacement group of left quasigroups as we can define a Galois connection between the congruence
lattice and a sublattice of certain normal subgroup of the left multiplication group that we call admissible
subgroups (such connection was already noticed for racks in [BS19]).
In Section 2 we recall the basics of commutator theory and summarize the results obtained for LT
left-quasigroups. In Proposition 2.6 we partially extend the correspondence between solvability (resp.
nilpotence) of a LT left quasigroup and its displacement group, namely we prove that if the displacement
group admits an abelian (resp. central) series of admissible subgroups then also the left quasigroup is
solvable (resp. nilpotent).
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Section 3 is dedicated to semimedial left quasigroups. We show that several properties of racks can
be extended to semimedial left quasigroups. We prove that solvability and nilpotence are completely
reflected by the corresponding properties of the displacement groups (as for racks) in Proposition 3.4. In
Theorem 3.5 we prove that we have a second Galois connection between the congruence lattice and the
lattice of the admissible subgroups, as for racks. Moreover, semimedial left quasigroups have the Cayley
property and the strongly solvable ones (in the sense of [HD88]) are nilpotent, see Corollary 3.7.
In the rest of the section we study two subclasses of semimedial subgroups, defined according to the
property of the squaring mapping: multipotent and 2-divisible left quasigroups (note that racks are 2-
divisible semimedial left quasigroups). In Theorem 3.17 we prove that there exists an isomorphism of
categories between the category of 2-divisible left quasigroups and a suitable category which objects are
given by pairs (Q,f) where Q is a quandle and f is an automorphism of Q. This isomorphism preserves
the displacement group and accordingly nilpotence and solvability. In particular, we prove that finite
2-divisible semimedial quasigroups are solvable in Corollary 3.20.
In Section 4 we turn our attention to medial left quasigorups. We prove that medial left quasigroups
are nilpotent of length at most 2 in Corollary 4.4. Using the isomorphisms of categories in Theorem 3.17
we can use the structure theory for medial quandles in [JPSZD15] in order to have a complete description
also for the structure of 2-divisible medial left quasigroups. In Theorem 4.10 we provide a classification
of finite connected medial racks
In Section 5 we investigate Malt’sev varieties of semimedial left quasigroups and we can partially
extend the results about Malt’sev varieties of quandles obtained in [Bon19].
Finally in Section 6, we introduce the class of spelling left quasigroup as a subclass of the LT left
quasigroups containing racks and we prove that several features of racks can be extended to this class.
Acknowledgments. The author wants to thanks Michael K. Kinyon for pointing him out the relevant
identity defining the semimedial law.
1. Left quasigroups
A left quasigroup is a binary algebraic structure (Q,∗, /) such that the following identities hold:
x ∗ (x/y) ≈ y ≈ x/(x ∗ y).
Hence, a left quasigroup is a set Q endowed with a binary operation ∗ such that the mapping Lx ∶
y ↦ x ∗ y is a bijection of Q for every x ∈ Q. Clearly the left division is defined by x/y = L−1x (y), so we
usually denote left quasigroups just as a pair (Q,∗). A term in the language of left quasigroup is any
meaningful nesting of the basic operations {∗, /}: e.g. t(x, y, z) = x ∗ (y/(x ∗ (z ∗ z)).
A quasigroup is a binary algebraic structure (Q,∗, /, /) such that (Q,∗, /) is a left quasigroup and
(Q,∗, /) is a right quasigroup defined analogously. If (Q,∗, /, /) is finite then it is term equivalent to its
left quasigroup reduct (Q,∗, /) (right divisions can be expressed as a power of right multiplications).
We will denote the classes of an equivalence relation α over a set Q as [a]α and the correspondent
quotient set as Q/α. A congruence of a left quasigroup Q is an equivalence relation α such that the
following implication holds:
(1) aα c and bαd ⇒ L±1a (b)αL±1c (d)
Note that to check (1) it is enough to have that L±1a (c)αL±1b (c), L±1c (a)αL±1c (b) for every aα b and
every c ∈ Q. Indeed, if aα c and bαd then
L±1a (b)αL±1c (b)αL±1c (d).
Congruences of a left quasigroups Q form a lattice denoted by Con(Q) and they are in one-to-one
correspondence with homomorphic images. Indeed a mapping f ∶ (Q,∗) Ð→ (R,∗) is a homomorphism
of left quasigroups if and only if the equivalence relation ker(f) = {(x, y) ∈ Q2 ∶ f(x) = f(y)} is a
congruence. On the other hand, if α ∈ Con(Q) then the operations
[a]α ∗ [b]α = [a ∗ b]α, [a]α/[b]α = [a/b]α,
are well defined and they provide a left quasigroup structure on Q/α and the natural map a↦ [a]α is a
homomorphism. The congruence lattice of Q/α is given by
Con(Q/α) = {β/α ∶ α ≤ β ∈ Con(Q)}
where [a]α β/α [b]α if and only if aβ b (see [Ber12] for further details). A congruence is uniform if all its
blocks have the same size.
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A left quasigroup Q is connected if the left multiplication group LMlt(Q) = ⟨La, a ∈ Q⟩ is transitive
on Q. If all the subalgebras of Q are connected, then Q is said to be superconnected. In particular
congruences with connected factor are uniform [BS19, Proposition 2.5].
We denote by Sg(S) the subalgebra generated by a subset S ⊆ Q, i.e. the smallest subalgebra of Q
containing S. In particular, Sg(S) is given by all the left quasigroups terms evaluated on elements of S.
An element of a ∈ Q is said to be idempotent if a∗a = a. We denote by E(Q) the set of the idempotent
elements of Q and we say that Q is idempotent if Q = E(Q).
Let A be an abelian group, f ∈ End(A), g ∈ Aut(A) and c ∈ A. The left quasigroup (A,∗) where
a ∗ b = f(a) + g(b) + c
is denote by Aff(A,f, g, c) and it is called affine left quasigroup over A.
The Cayley kernel. The Cayley kernel of a left-quasigroup Q is the equivalence relation λQ, defined
by setting
aλQ b if and only if La = Lb.
If λQ = 0Q, we say that Q is faithful. Note that if Q/α is faithful, then λQ ≤ α.
Lemma 1.1. Left quasigroups with injective right multiplications are faithful.
Proof. Assume that the right multiplication of Q are injective and assume that La = Lb. Then a∗c = b∗c
for every c ∈ Q and so a = b. 
For any set S and any mapping θ ∶ Q ×QÐ→ SymS the algebraic structure Q ×θ S = (Q ×S,∗) where
(2) (a, s) ∗ (b, t) = (a ∗ b, θa,b(t))
for every a, b ∈ Q and every s, t ∈ S is a left quasigroup and the canonical projection Q ×θ S Ð→ Q is
a homomorphism and its kernel is contained in λQ. On the other hand, if a left quasigroup Q has a
uniform congruence α ≤ λQ with blocks of cardinality ∣S∣, then Q ≅ Q/α ×θ S for a suitable mapping
θ ∶ Q/α×Q/αÐ→ SymS (the proof is the same as in [AG03, Section 2.2, 2.3]). Moreover, if γ ∶ QÐ→ SymS
and
(3) εa,b = γa∗bθa,bγ
−1
b
for every a, b ∈ Q then Q ×θ S ≅Q ×ε S.
If λQ = 1Q, i.e. a ∗ b = θ(b) for some θ ∈ SymQ for every a, b ∈ Q we that that Q is a permutation
left-quasigroup and we denote it by (Q,θ). For instance the affine left quasigroup Aff(C,0,1,1) where C
is a cyclic group and
a ∗ b = b + 1
for all a, b ∈ C, is a permutation left quasigroup (note that all the connected permutation left quasigroups
are obtained in this way). Idempotent permutation left quasigroup, satisfies x ∗ y ≈≈ y ∗ y ≈ y and they
are called projection. The one element projection left quasigroup is called trivial.
In general λQ is not a congruence of Q. If this is the case we say that Q has the Cayley property or
that Q is a Cayley left quasigroup.
Let V be a class of Cayley left-quasigroup closed under homomorphic images and Q ∈ V . We define:
(4) L0(Q) = Q, Ln+1(Q) = Ln(Q)/λLn(Q),
for every n ∈ N. Following [PR98] and [BS] we say that Q is n-reductive if Q satisfies the identity
(5) (. . . ((y ∗ x1) ∗ x2) ∗ . . .) ∗ xn ≈ (. . . ((z ∗ x1) ∗ x2) ∗ . . .) ∗ xn,
or equivalently if ∣Ln(Q)∣ = 1. For the binary algebras arising from the solution to the Yang-Baxter
equation, the algebraic structures satisfying (5) are also called multipermutational [GI18, JPZ19].
The identities (5) are related to the notion of strongly abelianess, as defined in [HD88]. A congruence
α of an algebraic structure A is strongly abelian if the following implication holds
t(a, x¯) = t(b, y¯) ⇒ t(a, z¯) = t(b, z¯)
for every term t, every aα b and every tuple z¯. An algebraic structure is strongly solvable if there exists
a chain of congruences
0A = α0 ≤ α1 ≤ α2 ≤ . . . ≤ αn = 1A
such that αi+1/αi is strongly abelian in A/αi for every 1 ≤ i ≤ n − 1. According to [BS, Theorem 5.3] we
have that a Cayley left quasigroup Q is n-strongly solvable if and only if Q is n-reductive.
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The squaring mapping. We will denote the squaring mapping of a left quasigroup Q as
s ∶QÐ→ Q, a↦ a ∗ a.
We say that Q is (uniquely) 2-divisible if s is a bijection. Moreover, if Q/α is uniquely 2-divisible then
ker(s) = {(a, b) ∈ Q2 ∶ s(a) = s(b)} ≤ α. Indeed, if s(a) = s(b) then [s(a)]α = s([a]α) = [s(b)]α = s([b]α)
and therefore [a]α = [b]α.
For a left quasigroup Q we also define
s0(Q) = Q, sn+1(Q) = s(sn−1(Q))
for every n ∈ N. We say that Q is n-multipotent if ∣sn(Q)∣ = 1. If n = 1 we say that Q is unipotent.
Lemma 1.2. Let Q be a left quasigroup. Then ker(s)∩λQ = 0Q. In particular, unipotent left quasigroups
are faithful.
Proof. Assume that a (ker(s) ∩ λQ) b. Then a ∗ a = b ∗ b = a ∗ b which implies a = b. If Q is unipotent,
then ker(s) ∩ λQ = λQ = 0Q and so Q is faithful. 
Lemma 1.3. Let Q be a multipotent left quasigroup. Then Q has a unique idempotent element and it
is contained in every subalgebra of Q.
Proof. Let sn(Q) = {e} Then s(e) = s(sn(x)) = sn(s(x)) = e and so e ∈ E(Q). If a ∈ E(Q) then
a = sn(a) = e. Moreover, e = sn(a) ∈ Sg(a) for every a ∈ Q and so it is contained in every subalgebra of
Q. 
Congruences and subgroups. Let α be a equivalence relation on a left quasigroup Q. The group
Disα = ⟨{hLaL−1b h−1 ∶ aα b, h ∈ LMlt(Q)}⟩
is called the displacement group relative to α and it is a normal subgroup of LMlt(Q) (indeed it is the
normal closure of the set {LaL−1b ∶ aα b} in LMlt(Q)). Such groups have been defined for congruences
of racks in [BS19]. The following combinatorial characterization follows by the same argument given in
in [BS19, Lemma 3.1]:
Disα = {Lk1a1 . . . LknanL−knbn . . . L−k1b1 ∶ ai αbi for every 1 ≤ i ≤ n, n ∈ N}.
The displacement group relative to 1Q is called the displacement group of Q and denoted simply by
Dis(Q). According to [Bon19, Lemma 1.1], it has the following characterization
(6) Dis(Q) = {Lk1a1 , . . . Lknan ∶
n∑
i=1
ki = 0},
and in particular LMlt(Q) = Dis(Q)⟨La⟩ for every a ∈ Q.
We define the kernel relative to α as
(7) Disα = {h ∈ Dis(Q) ∶ h(a)αa for every a ∈ Q}.
Clearly both the assignments α ↦ Disα, α ↦ Dis
α are monotone.
If α is a congruence then the following mapping
(8) piα ∶ LMlt(Q)Ð→ LMlt(Q/α), La ↦ L[a]α
can be extended to a well defined group homomorphism with kernel denoted by LMltα [BS19, Section
2.3]. Moreover (8) restricts and corestricts to Dis(Q) and LMltα ∩Dis(Q) = Disα as defined in (7) and
clearly Disα ≤ Dis
α.
Lemma 1.4. Let Q be a left quasigroup and α an equivalence relation on Q. The following are equivalent:
(i) α ∈ Con(Q).
(ii) the blocks of α are blocks with respect to the action of LMlt(Q) and Disα ≤ Disα.
Proof. (i) ⇒ (ii) If α is a congruence, L±1c (a)αL±1c (b) and so the blocks of α are blocks for the action of
LMlt(Q).
(ii) ⇒ (i) The blocks of α are blocks with respect to the action of LMlt(Q) so the map
piα ∶ LMlt(Q)Ð→ SymQ/α
where piα(h)([a]α) = [h(a)]α for every a ∈ Q is a well defined group homomorphism and Disα = ker(piα)∩
Dis(Q). Let aα b and cαd. Then, since LaL−1b ∈ Disα we have
piα(LaL−1b )[c] = [a ∗ (b/c)] = [c],
and so (a/c)α (b/d). Since also L−1a Lb ∈ Disα then (a ∗ c)α (b ∗ d). 
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Let N ≤ SymQ: we denote by ON the orbit decomposition with respect to the action of N . Clearly,
N ≤ DisON . We can associate to N another equivalence relation:
conN = {(a, b) ∈ Q2 ∶ LaL−1b ∈ N}.
The relation conN is obviously reflexive and if a conN b conN c then
(LaL−1b )−1 = LbL−1a ∈ N, LaL−1b LbL−1c = LaL−1c ∈ N,
i.e. conN is symmetric and transitive.
The relation above can be used to characterize faithful factors of a left quasigroups (we extend [BS19,
Proposition 3.7] to arbitrary left quasigroups).
Proposition 1.5. Let Q be a left quasigroup and α its congruence. Then Q/α is faithful if and only if
α = conDisα .
Proof. Clearly α ≤ conDisα ≤ conDisα since Disα ≤ Dis
α. We prove that the equivalence λQ/α is equal to
conDisα/α = {([a], [b]) ∈ (Q/α)2 ∶ a conDisα b}.
Indeed, [a] (conDisα/α) [b] in and only if LaL−1b ∈ Disα, i.e. L[a] = L[b]. Therefore, Q/α is faithful if and
only if conDisα/α = 0Q/α, that is, if and only if α = conDisα . 
Note that ON ≤ conN if and only if DisON ≤ N . Let us denote by
Norm(Q) = {N ⊴ LMlt(Q) ∶ ON ≤ conN}.
the set of admissible subgroups of Dis(Q).
Lemma 1.6. Let Q be a left-quasigroup and α ∈ Con(Q). Then:
(i) Norm(Q) is a sublattice of the lattice of normal subgroups of LMlt(Q).
(ii) If H ∈ Norm(Q) then piα(H) ∈ Norm(Q/α).
Proof. (i) Let N,M ∈ Norm(Q) and g ∈ N and h ∈M . Then
Lgh(a)L
−1
a = Lgh(a)L
−1
h(a)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈DisON ≤N
Lh(a)L
−1
a´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈DisOM ≤M
for every a ∈ Q. Then NM ∈ Norm(Q). Let h ∈ N ∩M then Lh(a)L−1a ∈ DisON ∩DisOM ≤N ∩M . Hence
N ∩M ∈ Norm(Q).
(ii) If H ∈ Norm(Q), then piα(H) is normal in LMlt(Q/α). Since DisON ≤H so we have that
Lpiα(h)([a])L
−1
[a] = L[h(a)]L
−1
[a] = piα(Lh(a)L−1a ) ∈ piα(H)
for every h ∈H . Hence DisOpiα(H) ≤ piα(H). 
Lemma 1.7. Let Q be a left quasigroup, N ≤ SymQ such that DisON ≤ N and LMlt(Q) normalizes N .
Then ON is a congruence of Q.
Proof. Since LMlt(Q) normalizesN then the orbits ofN are blocks with respect to the action of LMlt(Q).
Moreover DisON ≤N ≤ Dis
ON . So we can apply Lemma 1.4 and then ON is a congruence. 
The following Corollary extends [EG14, Theorem 6.1] and [BS19, Lemma 2.6] to arbitrary left quasi-
groups.
Corollary 1.8. Let Q be a left quasigroup, N ∈ Norm(Q) and α ∈ Con(Q). Then:
(i) Disα and Dis
α ∈ Norm(Q).
(ii) ON is a congruence and α ○ON = ON ○ α.
Proof. (i) The groups Disα and Dis
α are normal in LMlt(Q) and ODisα ≤ ODisα ≤ α and therefore, using
that the assignment β ↦ Disβ is monotone, we have
DisODisα ≤ DisODisα ≤ Disα ≤ Dis
α.
(ii) According to Lemma 1.7, ON is a congruence. Let aα cON b, i.e. there exists h ∈ N such that
c = h(b)αa. The blocks of α are blocks with respect to the action of N , so h([b]α) = [a]α. Therefore,
aON h−1(a)αb and so ON ○ α = α ○ON . 
The orbit decomposition with respect to the left multiplication group of a left quasigroup is the
smallest congruence with a projection factor [Bon19, Proposition 1.3]. The orbit decomposition with
respect to the displacement group has a similar characterization.
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Corollary 1.9. Let Q be a left quasigroup. Then ODis(Q) is the smallest congruence of Q with permu-
tation factor.
Proof. The relation pi = ODis(Q) is a congruence according to Corollary 1.8. Since Dis(Q) ≤ Dispi then
Dis(Q/pi) = 1 and therefore L[a] = L[b] for every a, b ∈ Q, i.e. Q/pi is a permutation left quasigroup.
Assume that Q/β is a permutation left quasigroup. Then Dis(Q/β) = 1. Hence Dis(Q) ≤ Disβ and so
pi ≤ β. 
The Galois connection between Norm(Q) and Con(Q) observed for racks in [BS19, Remark 3.9] can
be defined for arbitrary left quasigroups.
Theorem 1.10. Let Q be a left quasigroup. The assignments N ↦ ON and α ↦ Disα provide a monotone
Galois connection between Norm(Q) and Con(Q).
Proof. By the definition of the kernel (7) we have that N ≤ Disα if and only if ON ≤ α. 
For a rack Q we have that Norm(Q) coincides with the lattice of normal subgroups of LMlt(Q).
Lemma 1.11. Let Q be a left quasigroup and N ≤ Aut(Q). The following are equivalent:
(i) LMlt(Q) normalizes N .
(ii) DisON ≤N .
In particular, if Q is a rack Norm(Q) is the lattice of normal subgroups of LMlt(Q).
Proof. Let N ≤ Aut(Q), a ∈ Q and n ∈ N then
L±1a nL
∓1
a = nn
−1L±1a nL
∓1
a = nL
±1
n−1(a)L
∓1
a .
If LMlt(Q) normalizes N , then N contains the generators of DisON as a normal subgroup of LMlt(Q)
and hence DisON ≤ N . On the other hand, if DisON ≤ N then L
±1
n−1(a)L
∓1
a ∈ N for every n ∈ N and every
a ∈ Q. Therefore L±1a nL
∓1
a ∈ N for every n ∈ N and every a ∈ Q, i.e. LMlt(Q) normalizes N .
If Q is a rack, then LMlt(Q) ≤ Aut(Q) and so we have that every normal subgroup of LMlt(Q) is in
Norm(Q). 
2. Commutator theory
Let us make a brief outline of commutator theory for general algebras developed in [FM87, MS05].
The goal of commutator theory is to define the concept of commutator for congruences, in order to define
abelian and central congruence and consequently solvable and nilpotent algebraic structures.
Let α, β, δ be congruences of an algebraic structure A. We say that α centralizes β over δ, and write
C(α,β; δ), if for every (n + 1)-ary term operation t, every pair aα b and every u1 β v1, . . . , un β vn we
have
(TC) tA(a,u1, . . . , un) δ tA(a, v1, . . . , vn) ⇒ tA(b, u1, . . . , un) δ tA(b, v1, . . . , vn).
The following observations are crucial for the definition of commutator between congruences introduced
below:
(C1) if C(α,β; δi) for every i ∈ I, then C(α,β;⋀ δi),
(C2) C(α,β;α ∧ β),
(C3) if θ ≤ α ∧ β ∧ δ, then C(α,β; δ) in A if and only if C(α/θ, β/θ; δ/θ) in A/θ.
The commutator of α, β, denoted by [α,β], is the smallest congruence δ such that C(α,β; δ) (the
definition makes sense thanks to (C1)). From (C2) follows that [α,β] ≤ α ∧ β. A congruence α is called
● abelian if C(α,α; 0A), i.e., if [α,α] = 0A,
● central if C(α,1A; 0A), i.e., if [α,1A] = 0A.
Using the centralizing relation we can define several familiar concept for arbitrary algebraic structure.
The center of A, denoted by ζA, is the largest congruence δ of A such that C(δ,1A; 0A). Hence, [α,1A]
is the smallest congruence δ such that α/δ ≤ ζA/δ. Similarly, [α,α] is the smallest congruence δ such that
α/δ is an abelian congruence of A/δ.
The following lemma will be used for inductive arguments later.
Lemma 2.1. [BS19, Lemma 4.3] Let A be an algebraic structure, and θ ≤ α ≤ β its congruences. Then
β/α is central (resp. abelian) in A/α if and only if (β/θ)/(α/θ) is central (resp. abelian) in (A/θ)/(α/θ).
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The structure A is called abelian if ζA = 1A, (equivalently the congruence 1A is abelian). The main
examples of abelian algebraic structures are modules. Affine left quasigroups are abelian left quasigroups
as they are reducts of modules.
Solvability and nilpotence can be defined by the existence of chain of congruences satisfying certain
centralizing relation, as familiar for groups and other classical algebraic structures. Indeed, A is called
nilpotent (resp. solvable) if there exists a chain of congruences
0A = α0 ≤ α1 ≤ . . . ≤ αn = 1A
such that αi+1/αi is a central (resp. abelian) congruence of A/αi, for all i ∈ {0,1, . . . , n − 1}. The length
of the smallest such series is called the length of nilpotence (resp. solvability).
Similarly to group theory, one can define the series
γ0(A) = 1A, γi+1(A) = [γi(A),1A],
and
γ0(A) = 1A, γi+1(A) = [γi(A), γi(A)],
and prove that an algebra A is nilpotent of length n (resp. solvable) if and only if γn(A) = 0A (resp.
γn(A) = 0A). The series of the centers can be defined analogously to the series for groups as
ζ1(A) = ζQ, ζn+1(A)/ζn(A) = ζA/ζn(A)
for n ∈ N and we have that A is nilpotent of length n if and only if ζn(A) = 1A.
For groups, the classical notion of abelianness and centrality of normal subgroups coincide with the
corresponding notions of abelianness and centrality of the corresponding congruences. In loops, the
situation is more complicated [SV14]. In a wider setting, the commutator behaves well in all congruence-
modular varieties [FM87]; for example, it is commutative (note that its definition is asymmetric with
respect to α,β).
Commutator theory for LT left quasigroups. The left quasigroup terms where every left branch
consists of unary subterm will be called left-translation term (shortly LT term). Formally, they are terms
of the form
(9) t(x1, . . . , xn) = s1(xi1) ●1 (s2(xi2) ●2 (. . . (sm−1(xim−1) ●m−1 sm(xim)) . . .)),
where si is a unary term for 1 ≤ i ≤ m and ●i ∈ {∗, /}. A concrete example of an LT term is given in
Figure 1.
∗
x ∗ x /
y/y /
x ∗ (x ∗ x) ∗
z/z ∗
x /
y/(y/y) /
(x ∗ x) ∗ x u
Figure 1. An example of LT term.
A left-quasigroup Q has the LT property if every term is equivalent to a LT-term (Q is also said to be
a left translation term (LT left quasigroup). Therefore Q is a LT left-quasigroup if and only if for every
term t an identity as in (9) holds in Q. Clearly such identities are also satisfied by any subalgebra, factor
or power of Q and so they also have the LT property.
Remark. The class of LT left-quasigroups is stable under taking subalgebras, homomorphic images and
powers.
Examples of LT left quasigroups are racks (see [BS19]). Indeed, using (LD) we can transform every
term into an LT term (see Figure 2).
In [BS19] a characterization of the centralizing relation has been proved for the class of LT left-
quasigroups, providing also a class in which commutator theory is particularly easy to understand and
which is not within the framework of congruence modular varieties. To this end we need the notion of
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∗ ≈
/ u
∗ z
x y
/
∗
x y ∗
z ∗
∗ u
x y
∗≈
x /
y /
x ∗
z /
∗ u
x y
∗≈
x /
y /
x ∗
z ∗
x /
y /
x u
Figure 2. Transforming the term ((x ∗ y)/z) ∗ u into a left translation form using (LD).
α-semiregularity of a group of permutation N acting on a set Q: if α is an equivalence relation we say
that N is α-semiregular if whenever h(a) = a for some n ∈ N and a ∈ Q then h(b) = b for every bαa. We
define the relation σN as
aσN b if and only if Na = Nb.
The group N is α-semiregular if and only if α ≤ σN .
Proposition 2.2. [BS19, Proposition 5.2] Let Q be a LT left quasigroup and let α,β ∈ Con(Q). Then[α,β] is the smallest congruence δ such that [Disα/δ,Disβ/δ] = 1 and Disβ/δ acts α/δ-semiregularly on
Q/δ.
The forward implication of Proposition 2.2 holds for arbitrary left quasigroups (see [BS19, Lemma 5.1]).
Corollary 2.3. [BS19, Theorem 1.1] Let Q be a LT left quasigroup and α ∈ Con(Q).
(i) α is abelian if and only if Disα is abelian and α-semiregular.
(ii) α is central if and only if Disα is central in Dis(Q) and Dis(Q) is α-semiregular.
Corollary 2.4. Let Q be a LT left quasigroup and α ∈ Con(Q). The following are equivalent:
(i) α is central.
(ii) α ≤ conZ(Dis(Q)) ∩ σDis(Q).
In particular, if conZ(Dis(Q)) is a congruence then ζQ = conZ(Dis(Q)) ∩ σDis(Q).
Proof. (i) ⇒ (ii) If α is central, then Disα ≤ Z(Dis(Q)) and so α ≤ conDisα ≤ conZ(Dis(Q)). Moreover, if
h(a) = a then h(b) = b for every aα b and every h ∈ LMlt(Q), i.e. α ≤ σDis(Q).
(ii) ⇒ (i) If α ≤ conZ(Dis(Q)) ∩ σDis(Q), then Disα ≤ Z(Dis(Q)) and if h(a) = a then h(b) = b for aα b,
i.e. Dis(Q) is semiregular.
Assume that the relation conZ(Dis(Q)) is a congruence. If we prove that β = conZ(Dis(Q)) ∩ σDis(Q)
is a congruence then it is equal to ζQ. We just need to prove that Dis(Q)L±1a (c) = Dis(Q)L±1b (c) and
Dis(Q)L±1c (a) = Dis(Q)L±1c (b) whenever aβ b. The first equality follows since L∓1b L±1a ∈ Z(Dis(Q)) and so
Dis(Q)L±1a (c) = L±1a Dis(Q)cL∓1a = L±1b L∓1b L±1a Dis(Q)cL∓1a = L±1b Dis(Q)cL∓1b = Dis(Q)L±1b (c).
The second one follows since
Dis(Q)L±1c (a) = L±1c Dis(Q)aL∓1c = L±1c Dis(Q)bL∓1c = Dis(Q)L±1c (b).

Note that, conZ(Dis(Q)) ∩σDis(Q) is not a congruence of Q in general. Nevertheless, this is the case for
racks [BS19, Proposition 5.9]. Let
Q =
2 1 3 4
1 2 4 3
2 1 3 4
3 4 2 1
.
is this LT?
The relation α = conZ(Dis(Q)) ∩σDis(Q) is not a congruence (indeed 1α 2 but 1∗ 3 = 3 and 2∗ 3 = 4 are
not α-related).
Abelianness and centrality of congruence coming from orbit decompositions of subgroup of the left
multiplication are reflected by the properties of the subgroup.
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Lemma 2.5. Let Q be a LT left-quasigroup and let N ∈ Norm(Q) abelian (resp. centralizes Dis(Q)).
Then ON is an abelian (resp. central) congruence of Q.
Proof. According to Corollary 2.3, we need to check that DisON is abelian (resp. central in Dis(Q))
and that DisON (resp. Dis(Q)) acts ON -semiregularly on Q. Since DisON ≤ N then it is abelian (resp.
central in Dis(Q)). Let h ∈ DisON (resp. h ∈ Dis(Q)) and let h(a) = a. If b = n(a) for some n ∈ N , then
hn(a) = nh(a) = n(a), therefore DisON (resp. Dis(Q)) is ON -semiregular. 
Let G be a group. We say that
1 =H0 ≤H1 ≤H2 ≤ . . . ≤Hn = G
is a central (resp. abelian) series if Hi ⊴ G and Hi+1/Hi ≤ Z(G/Hi) (resp. Hi+1/Hi is abelian) for every
i ∈ {0, . . . , n − 1}.
Let K ⊴ G and piK ∶ GÐ→ G/K the canonical projection. Then
[Hi+1K,G] ≤HiK (resp. [Hi+1K,Hi+1K] ≤HiK)
for every i ∈ {0, . . . n − 1} and therefore [piK(Hi+1),G/K] ≤ piK(Hi) (resp. [piK(Hi+1), piK(Hi+1)] ≤
piK(Hi)). So the series
1 ≤ piK(H2) ≤ piK(H3) ≤ . . . ≤ piK(Hn−1) ≤ G/K
is a central (resp. abelian) series of G/K.
Proposition 2.6. Let Q be a LT left quasigroup. If
1 =H0 ≤H1 ≤H2 ≤ . . . ≤Hn = Dis(Q)
is an abelian (central) series and Hi ∈ Norm(Q) for every i ∈ {1, . . . , n− 1} then Q is solvable (nilpotent)
of length less or equal to n + 1.
Proof. We proceed by induction on n. For n = 1, the group Dis(Q) is abelian, and so the orbit decompo-
sition of Q is a central congruence and the factor is a permutation left-quasigroup and so abelian. Then
Q is nilpotent (and thus solvable, too) of length ≤ 2. In the induction step, assume that the statement
holds for all LT left quasigroups with an central (abelian) series of length at most n − 1.
Since H1 is central (resp. abelian) in Dis(Q), the congruence α = OH1 is also central (resp. abelian),
by Lemma 2.5. The series
1 ≤ piα(H2) ≤ piα(H3) ≤ . . . ≤ piα(Hn−1) ≤ Dis(Q/α)
is a central (resp. abelian) series of length n − 1 and according to Lemma 1.6 its elements are in
Norm(Q/α). By the induction assumption, Q/α is nilpotent (resp. solvable) of length m ≤ n. Let
0Q/α ≤ α1/α ≤ . . . ≤ αm/α = 1Q/α
be the witness. Then
0Q ≤ α ≤ α1 ≤ . . . ≤ αm = 1Q
is the witness that Q is nilpotent (resp. solvable) of length less or equal to n + 1, using Lemma 2.1. 
3. Semimedial left quasigroups
A left quasigroup Q is called (left) semimedial if one of the following equivalent identity
(x ∗ x) ∗ (y ∗ z) ≈ (x ∗ y) ∗ (x ∗ z),(SM1)
(x/y) ∗ (x/z) ≈ (x ∗ x)/(y ∗ z),(SM2)
holds. Examples of semimedial left quasigroups are racks and medial left quasigroups (e.g. abelian
groups). Idempotent semimedial left quasigroups are quandles.
Note that (SM1) and (SM2) are equivalent to the following identities for the left multiplications
mapping
(10) LL±1x (y) = L
±1
x∗xLyL
∓1
x .
If a left quasigroup Q satisifes an identity
f(x) ∗ (y ∗ z) ≈ (x ∗ y) ∗ (x ∗ z),
for some mapping f ∶ QÐ→ Q, then Lf(x) = Lx∗x and so Q is semimedial.
Let Q be a semimedial left quasigroup and let h = Lk1a1 . . . L
kn
an
∈ LMlt(Q). We define
hs = Lk1
s(a1)
. . . Lkn
s(an)
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and we denote by Ss = {hs ∶ h ∈ S} for every S ⊆ LMlt(Q). The assignment h ↦ hs has the following
properties:
(h−1)s = (hs)−1, (hg)s = hsgs
for every h, g ∈ LMlt(Q). In particular, ifN is a subgroup of LMlt(Q) then so it is Ns. Let us remark that
the assignment h↦ hs is well defined on the level of words in the free group generated by {La ∶ a ∈ Q},
not as a function of LMlt(Q). Note that for racks hs = h.
Lemma 3.1. Let Q be a semimedial left-quasigroup and α ∈ Con(Q). Then
(i) If h ∈ LMlt(Q) then
(11) Lh(a) = h
sLah
−1
for every a ∈ Q.
(ii) Norm(Q) = {N ⊴ LMlt(Q) ∶ Ns ≤N}.
(iii) Disα = ⟨L−1a Lb, aα b⟩.
(iv) [LMlt(Q),LMltα] ≤ Disα.
Proof. (i) Let h = Lk1a1 . . . L
kn
an
. We proceed by induction on n. For n = 1, we can apply directly formula
(10). Let h = L±1b g. Hence by induction we have
Lh(a) = L
±1
b∗bLg(a)L
∓1
b = L
±1
b∗bg
sLag
−1L∓1b = h
sLah
−1
for every a ∈ Q.
(ii) Let N ⊴ LMlt(Q). Using (i), we have
Ln(a)L
−1
a = n
sLanL
−1
a´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
for every n ∈ N and every a ∈ Q. Hence Ln(a)L
−1
a ∈ N if and only if n
s ∈ N .
(iii) Let D = ⟨L−1a Lb, aα b⟩. We have that (10) implies that
(12) LaL
−1
b = L
−1
b∗bLb∗a ∈D ≤ Disα.
So, it is enough to prove that D is normal in LMlt(Q). Let aα b and x ∈ Q. Then
L±1x L
−1
a LbL
∓1
x = L
±1
x L
−1
a L
∓1
x∗xL
±1
x∗xLbL
∓1
x
= L−1L±1x (a)LL±1x (b) ∈D.
Thus, D is normal in LMlt(Q).
(iv) Let h ∈ LMltα and a ∈ Q. Then h(a)αa for every a ∈ Q and so
[L∓1a , h] = L±1a h−1L∓1a h = (hs)−1hsL±1a h−1L∓1a h
= (hs)−1L±1h(a)L∓1a h
= L±1a L
∓1
h−1(a) ∈ Disα.
Since LMltα and Disα are normal subgroup of LMlt(Q), then we have [LMlt(Q),LMltα] ≤ Disα. 
Proposition 3.2. Semimedial left quasigroups have the LT property.
Proof. Let t = q ●r be a term where ● ∈ {∗, /} and q and r are subterms of t. By induction on the number
of occurrences q and r are LT terms and so using (11) we have
t(x1, . . . , xn) = L±1q(x1,...,xn)(r(x1, . . . , xn))
= (L
L
k1
t1(xi1
)
...L
km
tm(xim
)
(xim+1)
)
±1
Lv1
u1(xj1)
. . . Lvs
us(xjs)
(xjs+1)
= (Lk1
s(t1(xi1))
. . . Lkm
s(tm(xim))
Lxim+1 (Lk1t1(xi1) . . . Lkmtm(xim))−1)
±1
Lv1
u1(xj1)
. . . Lvs
us(xjs)
(xjs+1),
where xil , xjl ∈ {x1, . . . , xn} and ti, uj are unary terms for every i, l ∈ {1, . . . ,m + 1}, j, l ∈ {1, . . . , s + 1}.
Therefore t is an LT term. 
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Remark 3.3. We can establish the LT property for all left quasigroups satisfying a condition similar to
(11). Indeed, if Q is a left quasigroup and for every h = Lk1x1 . . . L
kn
xn
∈ LMlt(Q) there exist unary terms
t1, . . . , tn, {y1, . . . , ym} ⊆ {x1, . . . , xm} and {s1, . . . sm} ⊆ Z such that
Lh(a) = L
s1
t1(y1)
. . . Lsm
tn(ym)
then the very same argument of Proposition 3.2 applies and so Q has the LT property.
Proposition 2.2 and Corollary 2.3 apply to semimedial left quasigroup as they have the LT property.
We can characterize solvable and nilpotent semimedial left quasigroups by properties of the corresponding
displacement groups. In the following we will denote by Γ(n) (resp. Γ
(n)) the n-th element of the lower
central series (resp. the derived series) of a group. The proof follows the very same argument as in
Section 6 of [BS19].
Lemma 3.4. Let Q be a semimedial left quasigroup.
(i) If Dis(Q) is nilpotent (resp. solvable) of length n, then Q is nilpotent (resp. solvable) of length
less or equal to n + 1.
(ii) If Q is nilpotent (resp. solvable) of length n, then Dis(Q) is a nilpotent (resp. solvable) group of
length less or equal to 2n − 1.
Proof. (i) The subgroups of the derived and of the lower central series of Dis(Q) are in Norm(Q). Indeed[hs, gs] = [h, g]s for every h, g ∈ Dis(Q). Hence, we can apply Proposition 2.6.
(ii) We proceed by induction on the length n. For n = 1, then Q is abelian, hence Dis(Q) is an abelian
group and the statement holds. In the induction step, assume that the statement holds for all semimedial
left quasigroups that are nilpotent (resp. solvable) of length ≤ n − 1. Consider a chain of congruences
0Q = α0 ≤ α1 ≤ . . . ≤ αn = 1Q
such that αi+1/αi is central (resp. abelian) in Q/αi, for every i. In particular, α1 is central (resp. abelian)
in Q and the factor Q/α1 is nilpotent (resp. solvable) of length n − 1, as witnessed by the series
0Q/α1 = α1/α1 ≤ α2/α1 ≤ . . . ≤ αn/α1 = 1Q/α1
(see Lemma 2.1). By the induction assumption, Dis(Q/α1) is nilpotent (resp. solvable) of length ≤ 2n−3.
Now, consider the series Γ(i) (resp. Γ
(i)) in Dis(Q) and project it into Dis(Q/α1). Since piα1(Γ(2n−3)) = 1,
we obtain that Γ(2n−3) ≤ Dis
α1 (resp. analogically for Γ(2n−3)). Now, in case of nilpotence, we have
Γ(2n−1) = [[Γ(2n−3),Dis(Q)],Dis(Q)]
≤ [[Disα1 ,Dis(Q)],Dis(Q)] ≤ [Disα1 ,Dis(Q)] = 1,
using Lemma 3.1(iv) in the penultimate step, and centrality of Disα1 in the ultimate step. In case of
solvability, we have
Γ(2n−1) = [[Γ(2n−3),Γ(2n−3)], [Γ(2n−3),Γ(2n−3)]]
≤ [[Disα1 ,Disα1], [Disα1 ,Disα1]] ≤ [Disα1 ,Disα1] = 1,
using Lemma 3.1(iv), and abelianness of Disα1 . 
The relation conN determined by any subgroupN of LMlt(Q) is a congruence and accordingly we have
a second Galois connection between Con(Q) and Norm(Q) for semimedial left quasigroups, extending
the same result known for racks [BS19, Proposition 3.6].
Theorem 3.5. Let Q be a semimedial left quasigroup. The assignment α ↦ Disα and N ↦ conN is a
monotone Galois connection between Con(Q) and Norm(Q).
Proof. First we need to show that conN is a congruence for everyN ∈ Norm(Q). Assume that LaL−1b , LcL−1d ∈
N . Then since N is normal in LMlt(Q) then also L−1a Lb ∈ N . So we have
La∗cL
−1
b∗d = La∗aLcL
−1
a LbL
−1
d L
−1
b∗b = La∗aL
−1
b∗b´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
(LaL−1b )
s∈N
Lb∗bLcL
−1
a Lb´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
L−1c LcL
−1
d´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
L−1b∗b ∈ N,
La/cL
−1
b/d = L
−1
a∗aLcLaL
−1
b L
−1
d Lb∗b = L
−1
a∗aLb∗b´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
(L−1a Lb)
s∈N
L−1b∗bLcLaL
−1
b´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
L−1c LcL
−1
d´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
Lb∗b ∈ N,
where we used that N is normal in LMlt(Q) and that Ns ≤ N . Hence conN is a congruence.
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If α ≤ conN then LaL
−1
b ∈ N whenever aα b and then Disα ≤ N . If Disα ≤ N then LaL
−1
b ∈ N whenever
aα b. Then α ≤ conN . Both the assignments α ↦ Disα and N ↦ conN are clearly monotone, hence this
pair of mappings provides a monotone Galois connection. 
The Cayley kernel of semimedial left quasigroups is a congruence.
Proposition 3.6. Let Q be a semimedial left-quasigroups. Then Q has the Cayley property and LMltλQ ≤
Z(LMlt(Q)).
Proof. Clearly if La = Lb then LL±1a (c) = LL±1b (c) holds for every c ∈ Q. According to (11) then Lc∗a =
Lc∗cLaL
−1
c = Lc∗cLbL
−1
c = Lc∗b and similarly Lc/a = Lc/b holds for every c ∈ Q. Therefore λQ is a
congruence of Q. According to Lemma 3.1(iii) we have that [LMlt(Q),LMltλQ] ≤ DisλQ = 1. Hence,
LMltλQ ≤ Z(LMlt(Q)). 
Reductive semimedial left quasigroups are strongly solvable in the sense of [FM87], according to [BS,
Theorem 5.3]. As noticed in the case of racks, they are also nilpotent.
Corollary 3.7. Let Q be a semimedial n-reductive left quasigroup. Then LMlt(Q) (resp. Dis(Q)) is
nilpotent of length less or equal to n (resp. n − 1). In particular, Q is nilpotent of length less or equal to
n.
Proof. If n = 1 then LMlt(Q) is cyclic and then abelian. By induction, LMlt(Q/λQ) is nilpotent of
length n − 1 and since LMltλQ is central then LMlt(Q) is nilpotent of length n. The second statement
can be proved by the same argument, using as a base step for the induction that the displacement group
of permutation left quasigroup is trivial.
Finally, we can apply Lemma 3.4 to obtain that Q is nilpotent of length at most n. 
The converse of Corollary 3.7 does not hold: every abelian group is semimedial, has abelian left
multiplication group but it is faithful.
Commutator theory can be simplified for faithful semimedial left quasigroups, similarly to what hap-
pens for faithful quandles. All the following results basically extend the results in [BS19, Section 5.2] to
semimedial left quasigroups. Most of the argument can be applied again also in the setting of semimedial
left quasigroups, so we include the proof just in case it is new and we refer to the analogous result for
quandles otherwise.
Lemma 3.8. [BS19, Lemma 5.3] Let Q be a faithful semimedial left quasigroup and α ∈ Con(Q). If[H,Disα] = 1 then H is α-semiregular.
Proof. Let h ∈ H . Then
hL−1a Lbh
−1 = hL−1a (hs)−1hsLbh−1 = L−1h(a)Lh(b) = L−1a Lb
whenever aα b. If h(a) = a then Lh(b) = Lb and since Q is faithful then h(b) = b. Therefore, H is
α-semiregular. 
Corollary 3.9. [BS19, Corollary 5.4] Let Q be a faithful semimedial left quasigroup and α ∈ Con(Q).
Then α is central (resp. abelian) if and only if Disα is central in Dis(Q) (resp. abelian).
Proposition 3.10. [BS19, Propositions 3.8, 5.5] Let Q be a semimedial left quasigroup such that every
factor of Q is faithful. Then the Dis operator is injective and the con operator is surjective and
[α,β] = [β,α] = con[Disα,Disβ]
for every α,β ∈ Con(Q).
Multipotent semimedial left quasigroup. For semimedial left-quasigroup the squaring mapping s
is an endomorphism. Indeed, if Q is a semimedial left quasigroup, using (SM1) we have
(13) s(a ∗ b) = (a ∗ b) ∗ (a ∗ b) = (a ∗ a) ∗ (b ∗ b) = s(a) ∗ s(b),
for every a, b ∈ Q. Since endomorphisms with respect to ∗ are also endomorphism with respect to /
then s is an endormorphism of (Q,∗, /). In particular, ker(s) is a congruence of Q and E(Q) = {a ∈
Q ∶ a ∗ a = a} is a subalgebras since it is given by the fixed elements of the endomorphism s. Moreover,
since ker(s) ∩ λQ = 0Q, finite subdirectly irreducible semimedial left quasigroups are either 2-divisible or
faithful.
12
Lemma 3.11. Let Q be a semimedial left quasigroup. If s(a) = s(b) and a ≠ b then L−1a Lb is fixed-point-
free.
Proof. If a ∗ a = b ∗ b then by (10) it follows that
L−1a∗xLb∗x = LaL
−1
x L
−1
a∗aLb∗bLxL
−1
b = LaL
−1
b
for every x ∈ Q. If L−1a Lb(x) = x, then a ∗ x = b ∗ x and so La = Lb. Hence a = b by Lemma 1.2. 
Proposition 3.12. Multipotent semimedial left quasigroups have injective right multiplications. In par-
ticular, they are faithful.
Proof. Let n = 1, i.e. Q is a unipotent semimedial left quasigroup. According to Lemma 3.11, L−1a Lb has
no fixed points for every a ≠ b ∈ Q. Therefore, since
a ∗ x = b ∗ x ⇔ L−1a Lb(x) = x,
then Rx is injective for every x ∈ Q.
Let n > 1. By induction, the right multiplications of s(Q) are injective. Hence, if a ∗ x = b ∗ x then
s(a) ∗ s(x) = s(b) ∗ s(x) and then s(a) = s(b). Therefore, using Lemma 3.11, L−1b La has no fixed points,
whenever a ≠ b. Hence a = b i.e. Rx is injective.
According to Lemma 1.1, multipotent semimedial left quasigroups are faithful. 
Corollary 3.13. Finite multipotent semimedial left quasigroup are quasigroup.
Remark 3.14. Let Q be a unipotent semimedial left quasigroup and let E(Q) = {e}. Then
(Lk1a1 . . . Lknan)s = Lk1+k2+...+kne .
If h ∈ Dis(Q) then hs = 1 and so every subgroup of Dis(Q) which is normal in LMlt(Q) is in Norm(Q).
2-divisible semimedial left quasigroups. The class of 2-divisible semimedial left quasigroups contains
the class of racks.
Lemma 3.15. Racks are 2-divisible semimedial left quasigroups.
Proof. Let Q be a rack and a ∈ Q. Then LL±1a (a) = L
±1
a LaL
∓1
a = La and so a = a ∗ (a/a) = (a/a) ∗ (a/a) =
s(a/a), and so s is surjective. If s(a) = s(b) then La = La∗a = Lb∗b = Lb and so according to Lemma 1.2
a = b. Therefore s is injective. 
IfQ is a 2-divisible semimedial left quasigroup then s is an automorphism ofQ and the lattice Norm(Q)
is given by
Norm(Q) = {N ⊴ LMlt(Q) ∶ sNs−1 ≤ N}.
Note that Norm(Q) contains all the characteristic subgroups of Dis(Q), as the center and the elements
of the derived and of the lower central series.
Proposition 3.16. Let Q be a 2-divisible semimedial left quasigroup. Then ζQ = conZ(Dis(Q)) ∩ σDis(Q)
and Q/ζQ is 2-divisible.
Proof. The conjugation by s is an automorphism of Dis(Q) and so Z(Dis(Q))s ≤ Z(Dis(Q)) and therefore
conZ(Dis(Q)) is a congruence. Hence we can apply Lemma 2.4, since Q is LT and conZ(Dis(Q)) is a
congruence.
For every a ∈ Q there exists b ∈ Q such that a = s(b). So [a] = [s(b)] = s([b]) and the map s over
Q/ζQ is surjective. Assume that [a ∗ a]ζQ = [b ∗ b]ζQ . Then La∗aL−1b∗b = sLaL−1b s−1 ∈ Z(Dis(Q)) and
so also LaL
−1
b ∈ Z(Dis(Q)). Moreover, sDis(Q)as−1 = Dis(Q)s(a) = Dis(Q)s(b) = sDis(Q)bs−1 and so
Dis(Q)a = Dis(Q)b. Hence a ζQ b and s is injective over Q/ζQ. 
Let us define the category Q. The objects of Q are pairs ((Q, ⋅), f) where (Q, ⋅) is a quandle and
f ∈ Aut(Q, ⋅). A morphism h ∶ (Q1, f1) Ð→ (Q2, f2) is a quandle homomorphism between Q1 and Q2
such that hf1 = f2h, i.e. the morphisms are the commuting square as in Figure 3.
Proposition 3.17. Let S2 the category of 2-divisible semimedial left quasigroup. The assignment
Q ←→ S2
((Q, ⋅), f) ↦ (Q,∗f), x ∗f y = f(x ⋅ y)
x ⋅s y = s
−1(x ∗ y), ((S, ⋅s), s) ↤ (S,∗)
defines an isomorphism of categories which preserves the displacement groups. In particular, (Q,∗f) is
a rack if and only if f ∈ CAut(Q,⋅)(LMlt(Q, ⋅)).
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h
Figure 3. Morphisms in Q.
Proof. According to [Shc17, Lemma 6.66], (Q,∗s) is a quandle and s is an automorphism of (Q,∗s). On
the other hand
(x ∗f x) ∗ (y ∗f z) = f(f(x ⋅ x) ⋅ f(y ⋅ z))
= f(f(x) ⋅ (f(y) ⋅ f(z)))
= f((f(x) ⋅ f(y)) ⋅ (f(x) ⋅ f(z)))
= f((f(x ⋅ y)) ⋅ (f(x ⋅ z)))
= (x ∗f y) ∗f (x ∗f z)
and then (Q,∗f) is semimedial. Moreover, x ∗f x = f(x) and so (Q,∗f) is 2-divisible and the two
mappings are inverse of each other.
Let (Q,∗) be a semimedial left quasigroup. Let us denote by La the mapping b ↦ a ∗f b. Since
L−1a Lb = L
−1
a ss
−1La = L
−1
a Lb, we have that Dis(Q,∗) = Dis(Q,∗f). Hence, according to Lemma 3.1(iii)
Dis(Q, ⋅) = Dis(Q,∗f) (resp. Dis(Q,∗) = Dis(Q, ⋅s)) for every ((Q, ⋅), f) ∈ Q (resp. (Q,∗) ∈ S2). So, the
isomorphism preserves the displacement groups.
If h ∶ ((Q1,∗1), f1) Ð→ ((Q2,∗2), f2) is a morphism in Q then
h(x ∗f1 y) = h(f1(x ⋅1 y)) = f2h(x ⋅1 y) = f2(h(x) ⋅2 h(y)) = h(x) ∗f2 h(y)
and so h is a morphism in S2 between (Q1,∗f1) and (Q2,∗f2).
If h ∶ (S1,∗1)Ð→ (S2,∗2) is a morphism in S2 then
h(x ∗1 x) = hs1(x) = h(x) ∗2 h(x) = s2h(x)
h(x ⋅s1 y) = hs−11 (x ∗1 y) = s−12 h(x ∗1 y)
= s−12 (h(x) ∗2 h(y)) = h(x) ⋅s2 h(y),
i.e. h is a morphism in Q between ((S1, ⋅s1), s) and ((S2, ⋅s2), s2).
Let (Q, ⋅) be a quandle and let Lx be the mapping y ↦ x ⋅y. Then the left multiplication with respect
to ∗f is Lx = fLx. Hence (Q,∗f) is a rack if and only if
fLx = Lx = Lx∗fx = fLx∗fx = fLf(x) = f
2Lxf
−1
for every x ∈ Q, i.e. f ∈ CAut(Q,⋅)(LMlt(Q, ⋅)). 
A similar correspondence was observed for racks in [Sta11]. According to Proposition 3.17, iso-
morphism classes of 2-divisible semimedial left quasigroups with associated quandle Q corresponds to
conjugacy classes of automorphisms in Aut(Q).
The correspondence in Proposition 3.17 does not preserve connectedness: e.g. if (Q,∗) is a connected
permutation racks then (Q, ⋅s) is a projection quandle.
Proposition 3.18. A 2-divisible semimedial left quasigroup (Q,∗) is nilpotent of length n if and only
if (Q, ⋅s) is nilpotent of length n.
Proof. Since the center of a 2-divisible semimedial left quasigroup Q is ζQ = conZ(Dis(Q)) ∩ σQ, it is
completely determined by the properties of Dis(Q). Hence ζ(Q,∗) = ζ(Q,⋅s) and the factor Q/ζ(Q,∗) is
again 2-divisible according to Proposition 3.16.
Therefore, ascending central series of centers of (Q,∗) and of (Q, ⋅s) coincide. 
Proposition 3.19. A finite 2-divisible semimedial left quasigroup (Q,∗) is solvable if and only if (Q, ⋅s)
is solvable.
Proof. It follows since Dis(Q,∗) = Dis(Q, ⋅s). 
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Using Lemma 3.4 we have that if a 2-divisible semimedial left quasigroup (Q,∗) (resp. a quandle(Q, ⋅) and f ∈ Aut(Q, ⋅)) is solvable of length n, then Dis(Q,∗) = Dis(Q, ⋅s) (resp. Dis(Q, ⋅) = Dis(Q,∗f))
is solvable of length at most 2n − 1 and so (Q, ⋅s) (resp. (Q,∗f)) is solvable of length at most 2n.
In particular, finite latin quandles are solvable [BS19, Corollary 1.3]. The isomorphism in Theorem
3.17 preserve the property of being a quasigroup and then using Proposition 3.19 we have the following.
Corollary 3.20. Finite 2-divisible semimedial quasigroups are solvable.
4. Medial left quasigroup
The medial law (M) is actually equivalent to the following equality for the left multiplication mappings:
(14) Lx∗yLz = Lx∗zLy.
For medial left quasigroups the converse of Lemma 1.1 holds.
Proposition 4.1. Let Q be a medial left quasigroup. The following are equivalent:
(i) Q is faithful.
(ii) The right multiplications of Q are injective.
In particular, finite faithful medial left-quasigroups are quasigroups.
Proof. The implication (ii) ⇒ (i) follows by Lemma 1.1. Assume that a ∗ x = b ∗ x for some a,x, y ∈ Q.
According to (14) we have
La∗xLz = La∗zLx = Lb∗xLz = Lb∗zLx
for every z ∈ Q. Hence, La∗z = Lb∗z for every z ∈ Q and since Q is faithful then a = b. 
Proposition 4.1 does not hold for semimedial left quasigroups, indeed there exist finite faithful non-latin
quandles. Moreover it shows that finite simple medial left quasigroups of size bigger than 2, are either
quasigroups, if they are faithful, or permutation and isomorphic to (Zp,+1), where p is a prime. Examples
of infinite faithful medial left-quasigroups that are not quasigroups exist, e.g. Q = Aff(Z,2,−1,0) (note
that Q has injective right multiplications but it is not even connected).
Let us show a characterization of medial left quasigroups among the semimedial ones.
Lemma 4.2. Let Q be a semimedial left quasigroup. Then
conZ(Dis(Q)) = {(a, b) ∶ (x ∗ a) ∗ (b ∗ y) = (x ∗ b) ∗ (a ∗ y) for every x, y ∈ Q}.
Proof. Let a, b ∈ Q. Then, by virtue of (10), (x ∗ a) ∗ (b ∗ y) = (x ∗ b) ∗ (a ∗ y) holds for every x, y ∈ Q if
and only if
(15) L−1x LaL
−1
b Lx = L
−1
b La
holds for every x ∈ Q. The subgroup Z(Dis(Q)) is normal in LMlt(Q) and so LaL−1b ∈ Z(Dis(Q)) if and
only if L−1b La ∈ Z(Dis(Q)).(⊇) If (15) holds, then
L−1x LyL
−1
b LaL
−1
y Lx = L
−1
b La
holds for every x, y ∈ Q, i.e. L−1b La ∈ Z(Dis(Q)).(⊆) If L−1b La ∈ Z(Dis(Q)) then
L−1x LyL
−1
b LaL
−1
y Lx = L
−1
b La
for every x, y ∈ Q. Setting y = b then 15 follows. 
Corollary 4.3. Let Q be a left quasigroup. The following are equivalent:
(i) Q is medial.
(ii) Q is semimedial and Dis(Q) is abelian.
In particular, abelian semimedial left quasigroups are medial.
Finite simple 2-divisible semimedial quasigroup are abelian, since they are solvable. Hence according
to Corollary 4.3 they are medial.
Using Lemma 3.4, Proposition 3.2 and Corollary 4.3 together we have the following immediate conse-
quence, which extends [BS19, Proposition 5.13] from medial racks to medial left quasigroups.
Corollary 4.4. Medial left-quasigroups are nilpotent of length at most 2.
Corollary 4.5. Multipotent medial left quasigroup are connected and abelian.
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Proof. Let Q be a multipotent medial left quasigroup. Then the factor R = Q/ODis(Q) is multipotent
and permutation. According to Proposition 3.12, R is faithful and so it is trivial. Then Dis(Q) is abelian
and transitive on Q. Thus Q is connected and Dis(Q) is regular. Since Q is LT, then Q is abelian. 
Remark 4.6. The equivalence of Proposition 3.17 restricts and corestricts to the subcategory of medial
quandles and of medial 2-divisible left quasigroups: indeed Dis(Q,∗) = Dis(Q, ⋅s) and so, according to
Corollary 4.3, (Q,∗) is medial if and only if (Q, ⋅s) is medial.
The structure of medial quandle and their homomorphisms has been described in [JPSZD15] and
[BCW19] using a construction involving abelian groups and their homomorphisms. Hence the structure
of 2-divisible medial left quasigroups can be obtained directly from the one of medial quandles.
The left quasigroup Q ×θ S defined in (2) is medial if and only if Q is medial and
(MC) θa∗b,c∗dθc,d = θa∗c,b∗dθb,d
for every a, b, c, d ∈ Q. If (MC) holds we say that θ is a medial cocycle of Q. Let Q be a medial quasigroup
and γ ∶QÐ→ SymQ be a mapping. Then
θ̃a,b = γa∗bθa,bγ
−1
b(16)
is a medial cocycle whenever θ is a medial cocycle and Q×θ̃S is isomorphic to Q×θS. If Q is a quasigroup
and u ∈ Q, following [BV18], we can define γa = θ
−1
a/u,u and so the cocycle defined in (16) has the property
that θ̃a,u = θu/u,u for every a ∈ Q. We say that θ̃ is a u-normalized cocycle.
Proposition 4.7. Let Q be a medial left-quasigroup. If Q/λQ is a quasigroup then Q is isomorphic to
the direct product of Q/λQ and a permutation left-quasigroup.
Proof. Since Q/λQ is connected, then λQ is uniform and therefore Q ≅ Q/λQ×θS. Let u ∈ Q and consider
the u-normalized cocycle defined as in (16) using γa = θ
−1
a/u,u. Then (MC) implies that
θ̃a∗b,c∗u = θ̃a∗c,b∗u(17)
θ̃a,u = θ̃u/u,u(18)
for every a, b, c ∈ Q. Setting c = u/u in (17) we have that θ̃a∗b,u = θ̃a∗(u/u),b∗u, and according to (18)
θ̃a∗(u/u),b∗u = θ̃u,u/u for every a, b ∈ Q. Since Q is a quasigroup then θ̃a,b = θ̃u,u/u for every a, b ∈ Q. Then
Q ×θ S ≅ Q ×θ̃ S which is the direct product of Q and the permutation left quasigroup (S, θ̃u,u/u). 
Medial racks. According to Corollary 4.3, a rack Q is medial if and only if Dis(Q) is abelian (such
characterization can be found also in [JPSZD15]). Examples of medial racks are the following:
(i) any permutation left quasigroup is a medial rack.
(ii) The affine left-quasigroup Aff(A,1 − f, f, c) where f(c) = c is a medial rack.
Let Q be a left quasigroup, we define the equivalence relation ipQ as
a ipQ b if and only if Sg(a) = Sg(b).
The equivalence ipQ is actually a congruence for racks [BS, Proposition 7.1] and ipQ ≤ λQ.
Theorem 4.8. Let Q be a superconnected medial rack. Then
Q ≅ Aff(A,1 − f, f,0) × (C,+1)
where C is a cyclic group, A is a abelian group and 1 − f ∈ Aut(A).
Proof. The quandle Q/ipQ is a superconnected medial quandle and so it is latin and Q/ipQ ≅ Aff(A,1 −
f, f,0) where 1 − f ∈ Aut(A) [Bon20, Corollary 2.6]. Then Q ≅ Q/ipQ ×θ S for some medial cocycle θ.
Hence, according to Proposition 4.7, Q is the direct product of Q/ipQ and (S, θ0,0) which is a connected
permutation rack, and so it is isomorphic to (C,+1) for some cyclic group C. 
We can extend the results on abelian quandles of [JPSZD18] to medial superconnected rack.
Corollary 4.9. Let Q be a superconnected rack. The following are equivalent:
(i) Q is medial.
(ii) Q is affine.
(iii) Q is abelian.
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Proof. (i) ⇒ (ii) According to Theorem 4.8, Q ≅ Aff(A,1 − f, f,0) × (C,+1). The rack Q = (C,+1) is
isomorphic to Aff(C,0, id,1). The direct product of affine quandles is affine, and in particular we have
that Q ≅ Aff(A ×C, (1 − f,0), (f, id), (0,1)).
(ii) ⇒ (iii) Affine left quasigroup are abelian.
(iii) ⇒ (i) If Q is abelian, then Dis(Q) is abelian and so Q is medial. 
In particular, Theorem 4.8 and Corollary 4.9 applies to finite medial connected racks.
Corollary 4.10. Let Q be a finite connected rack. The following are equivalent:
(i) Q is medial.
(ii) Q is abelian.
(iii) Q ≅ Aff(A,1 − f, f,0) × (Zn,+1) where A is a abelian group and Fix(f) = 0.
Proof. Assume that Q is medial. Since Q is finite, then Q/ipQ is a finite connected medial quandle. Then
Q/ipQ is latin and then superconnected. According to [Bon19, Proposition 3.4] then Q is superconnected.
According to Corollary 4.9 (ii) holds and and by Theorem 4.8 (iii) holds. On the other hand, if (iii)
holds, then Q is medial since it is the direct product of medial racks. 
5. Mal’tsev conditions
Mal’tsev conditions for left quasigroups have been investigated in [Bon19], with particular focus on
quandles. In this section we partially extend the same results to medial left quasigroups.
In [Bon19] we proved that if a variety of left quasigroups satisfies a non-trivial Malt’sev condition
then it has a Malt’sev term term, i.e. a ternary term m satisfying the following identities:
m(x, y, y) ≈ x ≈m(y, y, x).
A variety is said to be Malt’sev if it has a Malt’sev term.
The variety of n-multipotent left quasigroups is axiomatized by the identity
L
s
n−1(x)Lsn−2(x) . . . Ls(x)Lx(x) ≈ Lsn−1(y)Lsn−2(y) . . . Ls(y)Ly(y).
According to [Bon19, Section 2] every variety of multipotent left quasigroup has a Malt’sev term. In
particular, every multipotent left quasigroup is superconnected. The term
m(x, y, z) = (L
s
n−2(x) . . . Ls(x)Lx)−1Lsn−2(y) . . . Ls(y)Ly(z)
is a Malt’sev term for n-multipotent left quasigroups.
Any Malt’sev variety omits strongly abelian congruences [KK13, Theorem 3.13]. In particular, the left
quasigroups in a Cayley Malt’sev variety are faithful. Let us start with a general observation, following
by this fact.
Proposition 5.1. Let V be a Malt’sev variety of left quasigroups. Then Dis(Q) is transitive on Q for
every Q ∈ V.
Proof. Let Q ∈ V and P = Q/ODis(Q). According to Corollary 1.9, P is a permutation left quasigroup
and according to [BS, Theorem 5.3] 1P = λP is a strongly abelian congruences. The variety V does not
contain any non-trivial strongly abelian congruence, then 1P = 0P , i.e. Dis(Q) is transitive on Q. 
Finite Malt’sev medial left quasigroups are quasigroups.
Lemma 5.2. Let Q be a finite medial left-quasigroup. The following are equivalent:
(i) The variety generated by Q is Mal’tsev.
(ii) Q is a medial quasigroup.
Proof. In the variety generated by Q there is no strongly abelian congruence. Then Q is faithful and so
Q is a medial quasigroup by virtue of Proposition 4.1. 
Question 5.3. Do infinite medial Malt’sev left quasigroups which are not quasigroups exist?
Meet-semidistributive varieties omit solvable congruences [KK13, Theorem 8.1] and then in particular
every congruence is equal to the commutator with itself. Therefore we have the following.
Proposition 5.4. Let V be a meet-semidistributive variety of semimedial left quasigroup. Then:
(i) V does not contain any non-trivial medial left quasigroup.
(ii) V does not contain any non-trivial finite 2-divisible quasigroup.
(iii) E(Q) is either infinite or trivial for every Q ∈ V.
17
Proof. According to Corollary 4.4 medial left quasigroups are nilpotent, and according to Proposition
3.20, finite 2-divisible semimedial left quasigroups are solvable and so V does not contain any non-
trivial medial left quasigroup or finite 2-divisible quasigroup. Let Q ∈ V . Then the subalgebra E(Q)
is a meet-semidistributive quandle. According to [Bon19, Theorem 4.6], there is no non-trivial finite
meet-semidistributive quandle and so E(Q) is either infinite or trivial. 
Corollary 5.5. There is no meet-semidistributive variety of medial left-quasigroups.
Corollary 5.6. Let V be a meet-semidistributive variety of semimedial left quasigroup and Q ∈ V. Then:
(i) Disα is perfect for every α ∈ Con(Q).
(ii) The only solvable subgroup in Norm(Q) is the trivial subgroup.
(iii) If Q is 2-divisible then Z(N) = 1 for every N ∈ Norm(Q).
Proof. (i) The left quasigroups in V are faithful, since V is a Cayley variety. Let Q ∈ V and α ∈ Con(Q).
According to Proposition 3.10 and since α = [α,α] we have that Disα = Dis[α,α] ≤ [Disα,Disα] ≤ Disα for
every α ∈ Con(Q) and every Q ∈ V .
(ii) If N ∈ Norm(Q) is solvable of length n and let D be the non-trivial (n−1)th element of the derived
series of N . So D is abelian and it is in Norm(Q). Hence, according to Lemma 2.5, β = OD is abelian
and therefore trivial. Hence D = 1, contradiction.
(iii) If Q is 2-divisible and N ∈ Norm(Q), then Z(N) is a characteristic subgroup of N , and so it is
normal in LMlt(Q) and sZ(N)s−1 ≤ Z(N). So Z(N) ∈ Norm(Q) and so we can conclude using (ii). 
6. The spelling property
We say that a left-quasigroup Q has the spelling property (Q is a spelling left-quasigroup) if there
exists two binary terms w± in the language of groups such that
LL±1x (y) = w
±(Lx, Ly).
The spelling property is equivalent to a pair of identities of the form
(19) L±1x (y) ∗ z ≈ w±(Lx, Ly)(z).
The identities (19) hold for any subalgebra, factor and power of Q and so they also have the spelling
property.
Remark. The class of spelling left-quasigroups is stable under taking subalgebras, homomorphic images
and powers.
Let us show some examples of left quasigroups with the spelling property:
(i) Racks have the spelling property. Indeed (LD) is equivalent to
LL±1x (y) = L
±1
x LyL
∓1
x .
(ii) Let Q be a left quasigroup such that OLMlt(Q) ≤ λQ. Then
Lx∗y = Lx/y = Ly
holds for every x, y ∈ Q and so Q has the spelling property.
(iii) A left quasigroup Q is associative if
(x ∗ y) ∗ z ≈ x ∗ (y ∗ z) ⇔ Lx∗y = LxLy
holds. The associative law implies that
Ly = Lx∗(x/y) = LxLx/y ⇔ Lx/y = L
−1
x Ly
for every x, y ∈ Q. Associative left quasigroups are right-groups (left cancellative, right simple
semigroups) and then according to [How95, Exercise 2.6.6] they are the direct product of a group
and a projection left quasigroup.
Lemma 6.1. Let Q be a spelling left quasigroup and S ⊆ Q. Then
⋂
a∈S
{b ∈ Q ∶ b ∗ a = a}
is a subalgebra of Q.
Proof. It is enough to prove that {b ∈ Q ∶ b ∗ a = a} is a subalgebra for every a ∈ Q. If b ∗ a = Lb(a) =
c ∗ a = Lc(a) = a then Lb∗c and Lb/c belongs to the subgroups generated by Lb, Lc, which acts trivially
on a. Therefore b ∗ c and b/c fix a. 
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Note that every term t in the language on left quasigrups is given by
(20) t(x1, . . . , xm) = p(xi1 , . . . , xik) ● q(xj1 , . . . , xjs)
for suitable subterms p, q and ● ∈ {∗, /} and xil , xjl ∈ {x1, . . . , xn}.
Lemma 6.2. Let Q be a spelling left-quasigroup and t be a term. Then
(21) Lt(x1,...,xn) = wt({Lxi ∶ 1 ≤ i ≤ n})
where wt is a word which depends only on the term t. In particular, if b ∈ Sg(a1, . . . , an) then Lb ∈ ⟨{Lai ∶
1 ≤ i ≤ n}⟩.
Proof. Let t be anm-ary term. We proceed by induction on the number of occurrences of variables in t. If
the number of occurrences is 1 we are done. Let t be a term as in (20) with n occurrences of variables. By
induction, we have that Lp(xi1 ,...,xik) = wp({Lxil ∶ 1 ≤ l ≤ k}) and Lq(xj1 ,...,xjs) = wq({Lxjl ∶ 1 ≤ l ≤ s})
for suitable words which depends only on the terms p and q. Therefore Lt = w
±(wp({Lxil ∶ 1 ≤ l ≤
k}),wq({Lxjl ∶ 1 ≤ l ≤ s})) and so it is a word in {Lxi ∶ 1 ≤ i ≤m} which depends just on t. 
According to Lemma 6.2, spelling left quasigroups respect the condition described in Remark 3.3, and
therefore, they have the LT property.
Corollary 6.3. Spelling left-quasigroups are LT left quasigroups. In particular, every term t is equivalent
to one of the form
(22) t(x1, . . . , xn) ≈ Lk1xi1 . . . Lkmxim (xim+1),
where xij ∈ {x1, . . . , xn} for every 1 ≤ j ≤m + 1.
Proof. Let t be a term as in (20). By induction on the number of occurrences, q is a LT term as in (22)
and by (21) in Lemma 6.2 we have
t(x1, . . . , xm) = wp({Lxil ∶ 1 ≤ l ≤ k})±1(q(xj1 , . . . xjs)).
Therefore t is an LT term and it is as in (22). 
Corollary 6.4. Let Q be a spelling left-quasigroup and S ⊆ Q. Then
Sg(S) = ⋃
a∈S
aM
where M = ⟨La, a ∈ S⟩. In particular, Sg(a) = {Lka(a) ∶ k ∈ Z} for every a ∈ Q.
Proof. All the terms of Q are equivalent to LT terms as in (22). Every element b ∈ Sg(S) is a given by an
LT term evaluated on the elements of S. Therefore b = h(s) for some s ∈ S and some h ∈ ⟨La, a ∈ S⟩. 
The Galois connection defined for racks in [BS19, Section 3.3] depends only on the spelling property.
Theorem 6.5. Let Q be a left quasigroup with the spelling property. The assignment α ↦ Disα and
N ↦ conN is a monotone Galois connection between Con(Q) and the lattice of the normal subgroups of
LMlt(Q).
Proof. First we need to show that conN is a congruence for every N ⊴ LMlt(Q). Then we can conclude
as in Theorem 3.5. Let α = conN and let assume that a1 αb1 and a2 αb2 and that La1∗a2 = L
k1
ai1
. . . Lknan
where kj ∈ {±1}. Then
La1∗a2L
−1
b1∗b2
= Lk1ai1 . . . L
kn
ain
L−kn
bin´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
. . . L−k1
bi1
= Lk1ai1L
−k1
bi1´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
Lk1
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. . . LknainL
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∈N
. . . L−k1
bi1
= Lk1ai1L
−k1
bi1´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
Lk1bi1
Lk2ai2
. . . LknainL
−kn
bin´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
. . . L−k2bi2
L−k1bi1
=
= Lk1ai1
L−k1
bi1´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
Lk1
bi1
Lk2ai2
L−k2
bi2´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
Lk2
bi2
. . . LknainL
−kn
bin´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
∈N
. . . L−k2
bi2
L−k1
bi1
.(23)
Iterating the manipulation in (23) and using that N is a normal subgroup of LMlt(Q) we get that
La1∗a2L
−1
b1∗b2
∈ N . Similarly we can prove that La1/a2L
−1
b1/b2
∈ N and therefore α is a congruence. 
According to Corollary 6.3, we can apply Proposition 2.2 and Corollary 2.3 to spelling left quasigroups.
By virtue of Lemma 2.4 we can characterize the center of spelling left quasigroups.
Corollary 6.6. Let Q be a spelling left quasigroup. Then ζQ = conZ(Dis(Q)) ∩ σDis(Q).
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